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We show that the symmetries of effective D-string actions in constant dilaton backgrounds are 
directly related to homothetic motions of the background metric. In presence of such motions, 
there are infinitely many nonlinearly realized rigid symmetries forming a loop (or loop like) algebra. 
Near horizon (AdS) D3 and D1+D5 backgrounds are discussed in detail and shown to provide 2d 
interacting field theories with infinite conformal symmetry. 
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The recent past has seen an increasing interest in 
the conjecture of a correspondence between large N 
limits of certain d-dimensional conformal field theories 
and supergravity on the product of (d + l)-dimensional 
anti-de Sitter (AdS) space with a compact manifold 
This suggested to consider world- volume brane 
actions on near horizon backgrounds. M2, M5 and D3 
branes have been studied Jl|,^|JJ] and interacting (p + 1)- 
dimensional theories in Minkowski space-time with con- 
formal SO(2,p+ 1) x SO(d — p — 1) symmetry were found 
|^| . The conformal symmetries of these branes reflect the 
isometries of AdS p +2 x S d ~ p ~ 2 . The case of a D-string 
in the near horizon geometry of a D1+D5 brane was also 
considered in ||. 

In this work we study the rigid symmetries of effective 
D-string actions of the Born-Infcld type on curved back- 
grounds with constant dilaton. We find that the sym- 
metries are related with homothetic motions of the back- 
ground metric. Each of these motions gives rise to in- 
finitely many nonlinearly realized rigid symmetries, with 
the Born-Infcld gauge field transforming in a non-trivial 
way. The algebra of these symmetries is a loop general- 
ization of the algebra associated with the homothetic mo- 
tions. We spell out the symmetry transformations before 
gauge fixing and in the static gauge for the world-sheet 
diffcomorphisms. The gauged fixed transformations gen- 
erate infinitely many symmetries of interacting (1+1)- 
dimensional field theories in a flat space-time. 

We then specify these general results for particularly 
interesting D3 and D1+D5 brane backgrounds and show 
that the gauge fixed field theories in the respective near 
horizon (AdS) backgrounds have infinite conformal sym- 
metry. In the case of the D3 background the symme- 
try group is a loop generalization of 750(1, 3) x 50(6). 
In the near horizon limit there is an enhancement of 
the symmetry to the loop generalization of conformal 
50(2,4) x 50(6) due to the AdS geometry. The sym- 



metry group contains as a subgroup a loop version of 
conformal 50(2, 2) with nonlinearly realized special con- 
formal transformations. 

In the case of a D-string on a near horizon D1+D5 
background we get an interacting theory with infinite 
conformal 50(2,2) x 50(4) x 750(4) loop symmetry. 
The zero modes of the loop algebra reproduce the corre- 
sponding results of || . 

We remark that these structures are not restricted to 
Dirac-Born-Infeld actions. Rather, they are present in a 
more general set of models studied here. Hence, in ap- 
propriate backgrounds one gets a set of conformal field 
theories. This does not exclude that kappa-invariant ex- 
tensions of our formulation and/or T-duality properties 
may select the Dirac-Born-Infeld action. 

It is natural to wonder how these results extend to Dp- 
branes with p > 1. This is not known; a complete classi- 
fication of the symmetries for p > 1 has not been carried 
out so far. Of course, the presence of infinitely many 
symmetries may well be restricted to the case p = 1, as 
the two-dimensional case is often special. On the other 
hand, the presence of a Kac-Moody version of the con- 
formal group 50(2,4) for D3 branes in the near horizon 
geometry has been conjectured recently in J^] and would 
be reminiscent of our result for p = 1. Work in this 
direction is in progress. 

Symmetries and homothetic motions. The effective 
Born-Infeld actions for D-strings considered here can be 
cast in a form similar to the familiar sigma model for- 
mulation of the Nambu-Goto action. In this form they 
are contained in a more general class of models with an 
action of the form 

S=\J <P<T{yfi-f v f(<p)g m n{x)d li x m d v x n 

+e»"[b mn (x)d ll x m d v x n + £>(¥>) F au ]} (1) 
where 7 M „ is an auxiliary world-sheet metric, ip is an aux- 
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iliary scalar field, & v the usual Levi-Civita tensor den- 
sity, and F^v — d^A„ — d v A^ is an abelian field strength. 
g mn and b mn are to be thought of as target space metric 
and 2-form respectively. We do not impose restrictions 
on / and D apart from f,D^ constant, but we note that 
one of them may be chosen conveniently (only the rela- 
tive choice of / and D characterizes a particular model). 
Born- Infold actions arise for 



f(tp) - D 2 (<p) = 1. 



(2) 



Indeed, eliminating the auxiliary fields 7At „ and ip using 
the equations of motion, the Lagrangian turns for (0) into 



L B i = V- det(£ Mi , + F M „) + ^"B^ 
Ofiu — 9mn{'£*)dfj i x 3 v x , S^is — b mn (xjd 'pX d u x . (3) 

This represents Born-Infeld models with a "WZ-term" 
determined by b mn and a constant dilaton which may be 
made explicit by rescaling g mn and A^. More general 
Born-Infeld models, in particular models with noncon- 
stant dilaton, can also be cast in a sigma model form 
HQ, but are not considered here. 

In we have shown among others that all the rigid 
symmetries of actions (Q) (and generalizations thereof) 
are determined by generalized Killing vector equations. 
An analysis of these equations, similar to the one per- 
formed for the example treated in j6), shows that the 
rigid symmetries of models (jl|) are generated by 

Ax m =€?(x)\ i (<p) ) A 7ai „ = 0, 

A<p = K i \ i (<p)f(<p)/f'(<p), 
AA, t - (l/D')[f ^e^Y e 9mn{Ax n )'d e x m 

+ (b nm Ax n + Xq^'d^x™ - A^D'Ay)']. (4) 

Here prime denotes differentiation with respect to tp, the 
X l (ip) are arbitrary functions of tp, and {^{x), q m i(%)} 
denotes a complete set of inequivalent solutions of 

Cig mn {x) = -Kig mn (x), Ki = constant (5) 

£>% bmny^) — ^nQ_mi{x) &mQni\W) (6) 

where Ci is the Lie derivative along £j. Using (||) and @, 
it is not difficult to verify that the above transformations 
A generate indeed symmetries of an action ([!]) . 

The symmetries of Born-Infeld actions (||) are obtained 
from the above formulas by eliminating the auxiliary 
fields 7^ and <p, resulting in 



Ax m = Cr(x) X l (T) 



AA„ 



where 



dX\T) 
dT 



-A^Ki 



T~ 2 -2 



X\T) (7) 



V„i = -VG 'e^g VS Hr(x)9rnn(x)d e X n 

= [b mn {x)${x) - q mi {x)]d^x m 
T=\ g- 1/2 e^F^ ,G = - det(S^). 



(8) 



Let us now comment on the nature of the above sym- 
metries. The occurrence of arbitrary functions X l (ip) in 
(0) implies that each nontrivial solution to (|5|) and (|^) 
gives rise to infinitely many rigid symmetries. Equation 
(||) defines so-called homothetic motions of g mn and the 
Ki are called homothetic constants 0] . Homothetic mo- 
tions with nonvanishing homothetic constants are called 
proper because the others are just isometries of the met- 
ric. One can always choose a basis of homothetic motions 
such that at most one of them is proper. Without loss of 
generality, we can thus use i — 1,2,... for isometries of 
the metric, reserve i = for a proper homothetic motion 
(if any), and normalize £o such that Ki = 5®. 

The commutator of a proper homothetic motion and 
an isometry of the metric is always again an isometry, as 
(||) implies [Co,d]g mn = 0- The algebra of homothetic 
motions is thus of the form 



k r 



[C ,C i ] = cjC j {i,j,k>l) (9) 



where Cij k and c^ are structure constants. 

The presence of arbitrary functions of <p in (^) (which 
turn into functions of T upon elimination of ip) implies 
that the algebra of the corresponding symmetries is a 
loop version of (^), the role of the loop variable being 
played by tp (or a function thereof). This is seen by ex- 
panding the functions X 1 in a suitable basis for functions 
of (p. A particularly nice form of the algebra emerges in a 
basis consisting of powers of the function /(</?) occurring 
in (0). We denote the corresponding basis of symmetries 
by {Af } where a indicates the power of /(</>), 

fa+l( \ 

A?x m = -&{x)r{ v ), A> = -a? J -j^ . (10) 

It is now straightforward to verify that in this basis the 
symmetry algebra reads on x m and <p> 



[Af,Af]= Ci /A^ (i,j,k>l) 
[A«,Af] = (c^-^)A« + ' 3 (i,j>l) (12) 



[A«,A£] = (a-/3)A Q 



a+/3 



11) 

12) 
(13) 



Note that ( |ll[) is a loop algebra associated with the 
isometries of the metric. Hence, if there is no proper 
homothetic motion, the symmetry algebra is a true loop 
algebra. In presence of a proper homothetic motion, it 
turns into the semidirect sum of the loop algebra jll| ) 
and the Witt algebra ([l3|). We note that in general the 
algebra has on A^ the above form only up to gauge trans- 
formations and on-shcll trivial symmetries. 
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DS and Dl +D5 backgrounds. We treat now two partic- 
ularly interesting curved backgrounds and give the sym- 
metry transformations before gauge fixing. 

First we consider a D3-brane supergravity background 
with target space metric and 2-form given by 

ds 2 = H- 1 / 2 i lab dx a dx b + H 1 / 2 5 AB dx A dx B 

b mn = 0, H = 1 + (i?/r) 4 (14) 

where r 2 — S A bx a x b , a = 0, . . . , 3 and A — 4, . . . , 9. 
The rigid symmetries are obtained from (^) by solving 
(||) and (^). Due to b mn — 0, the solution of (^) is trivial, 
i.e. we can choose q m i = without loss of generality. An 
analysis of (||) shows that in this case we have K i = 0, 
i.e., there is no proper homothetic motion. Hence, the 
solutions of (|^) are exhausted by the Killing vector fields 
of the metric in (|lj). The latter correspond to Poincare 
transformations in the 4-space parallel to the D3 brane, 
and rotations in the transverse directions. The symmetry 
transformations of <p and x m read thus in this case 



ds 2 = 



Ax a = \ a {ip) + \ ab {L P )r lbc x c , A 
Ax A = \ AB (cp)6 BC x c , X AB 
Aip = 0. 



a b 

X BA 



(15) 



The transformations of are then obtained from (|4|). 
( |l5| ) implies that the symmetry group is in this case a 
loop version of 750(1, 3) x 5*0(6). 

Next we discuss the near horizon geometry of ( |l4| ) due 
to its importance for the conjectures in Close to 
the horizon (r — ► 0) one can neglect the constant in the 
harmonic function H and ends up with 



{ds 2 ) ho 



r 2 R 2 

■ "- b 1 -5 AB dx A dx B 



R 2 



rjabdx a dx b 



(16) 



Again one finds that the solutions of (|5|) are exhausted by 
the Killing vector fields. However, the asymptotic metric 
has more isometries than the original one, 

Ax a = \ a (<p) + \ ab (ip) Vbc x c + \ D (<p)x a 

-2A^H c2 ; q :e c + \ a s (<p)( Vbc x b x c + R A r~ 2 ) 



Ax = [2\ a s {v) Vab x b - \ D {y)] x A + X AB (ip)S B cx 
Alp = 0. 



(17) 



The additional isometries, corresponding to A^ and As, 
are indeed reminiscent of dilatations and special con- 
formal transformations in (l+3)-dimensional flat space. 
The symmetry group is now a loop version of 50(2, 4) x 
50(6). This symmetry enhancement originates from the 
anti-de Sitter geometry and corresponds to the super- 
symmetry enhancement discussed in JlO| ]. 

Finally, we consider the near horizon geometry of a 
D1+D5 supergravity background. The target space met- 
ric and 2-form are given by 



r 2 i?! 
D D r\ ll vdx^dx v + — S ab dx a dx b 
K1K5 -K5 



R1R5 



8 A sdx dx 



B 



b = dx° A dx 1 + 2R% sin 2 1 sin 2 M0i A d0 2 (18) 

where r 2 — S A bx a x b , \i = 0, 1, a = 2, . . . , 5, A = 6, . . . , 9 
and the 9i are spherical coordinates for the x A as in ||. 
Again there are no proper homothetic motions, i.e. the 
solutions of (|5|) are exhausted by the Killing vector fields 
of the metric in ( |l8| ) . The 2-form b is not invariant under 
all these isometries but it is still invariant up to exact 
forms, as required by (^]). The symmetries form a loop 
version of 50(2, 2) x 50(4) x 750(4) through 

Ax" = A" fa) + X^i^vgx 8 + Xoifp)^ 

+A^)K( VI y + R\Rlr- 2 ) - 2r lve x»x e ] 
Ax A = [2\%(<p)Tir,a? - \ D &)]x A + \ ab {^)8bcx c 
Ax a = \ a {(p) + \ ab ((p)S bc x c , A(p = (19) 

where X mn — — A" m . The corresponding transformations 
AA U are obtained from (|4[) , with q^i — c[ ai = and 



\ l q Al = 2\» s e^x»S AB x B R 2 r- 2 
+ \ BC x D (b AB S C D - ^abcdRIt- 2 ). 



(20) 



2d conformal field theories. We now discuss the in- 
teracting conformal field theories obtained in the static 
gauge x^ = a" (/j = 0, 1) for world-sheet diffeomor- 
phisms. Before eliminating the auxiliary fields 7^„ and 
ip, the action in the static gauge is thus a functional of 

{(f)} = {A,,,7^,yi,a; 2 ,a; 3 , . . .}. 

This action is of course not invariant anymore under the 
transformations A given above. Rather it is invariant 
under particular combinations of these transformations 
and compensating world-sheet diffeomorphisms preserv- 
ing the static gauge. These combinations are 



[A0], 



[Ax") 



(21) 



where C e is the world-sheet Lie derivative along e M . The 
algebra of the <5's coincides with the algebra of A's. 
Hence, only the realization of these symmetries changes, 
but not the corresponding symmetry group. 

Let us now illustrate this procedure for the near hori- 
zon D3-brane supergravity background (|l6|). The corre- 
sponding action (|l|) reads in the static gauge 

S=\j d 2 a[^r U f{v)r 2 R- 2 [ri^ + S dL d^d v x b 

+R i r- A 5 AB d ll x A d v x B ] + e^D( V ) } (22) 

where a, b — 2,3 correspond to the parallel D3-brane 
directions which have not been gauge fixed. The sym- 
metries of (22) are now obtained from (^Tj) using (0) and 
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(|l7|). For instance, a dilatation symmetry correspond- 
ing to Ac involves a compensating diffeomorphism with 
parameter e^> = Xoi^cr^ and is now realized by 



D X 



6 D x A = e^d^x' 



- A + X D (ip)x A 
5 D ip = e^d^ip 
5d1hv = £ e D d e ~t^ u + levd^ + Jiu, g d v e e D 
6 D Af, = e e D d e A^ + A e d^ e D 

[n e „cr° + S~- b x a d e x b - r- i RH AB x A d e x B ]. (23) 

These transformations generate symmetries of (^2|) for 
any choice of Xd{<p)- This includes dilatations of the 
standard form for the special choice Au = 1, 

X D = 1 : <W = a^cf, + tfl(0)0, (24) 

where the Weyl weights w((j>) are given by 

w(x & ) = -l,w(x A ) = w(A„) = l,w(ip) = 0,^(7^) = 2. 

Analogously one determines the other symmetries in the 
static gauge. Altogether they form, as before, a loop 
generalization of 5*0(2, 4) x 50(6) with a loop version of 
conformal SO (2, 2) as a subgroup. This subgroup cor- 
responds to A M , A piy , A_d and Ag, and the parameters of 
the compensating world-sheet diffcomorphisms for this 
subgroup are thus 



A"(¥>) + Az^K + [A""foO - 2^X v s {ip)}i lve a" 



+A»(a^^„ s + x a x"5 &6 + i? 4 r- 2 ) 



(25) 



The corresponding conformal transformations of x a , x A 
and if can be written compactly as 



C) 



5 c x a = e£d^x & - \{d^ p -e^ 



Snx A 



(26) 



where df t xp ' denotes differentiation only with respect to 
explicit a p . Note that even the zero modes of the special 
conformal transformations (Ag = constant) are nonlin- 
ear ly realized. 

If we consider ( p2| ) in the Born-Infeld action case and 
expand in low velocities we get 



resulting symmetry transformations establish a loop gen- 
eralization of the conformal 50(2, 2) x 50(4) x J50(4) 
symmetry found in || . The Weyl weights are again easily 
obtained from the special dilatation with Xp = 1 which 
has again the form ( p4| ) and yields 

w{x A ) = u>(A M ) = 1, w(x a ) = w{p) = 0, ib(7^) = 2. 

Comments. The symmetries of D-string actions de- 
scribed above may be viewed as generalizations of the 
familiar target space symmetries of the string. There are 
two important differences to the string case which are 
both direct consequences of the presence of the Born- 
Infeld gauge field. First, each target space symmetry 
gives rise to a family of infinitely many symmetries of the 
D-string action, whereas it yields only one rigid symme- 
try of the (Nambu-Goto or Polyakov) string action. Sec- 
ond, there is an additional infinite family of symmetries 
of the D-string action if the target space metric admits 
a proper homothetic motion. The latter arc dilatational 
symmetries without any counterpart in the string case 
(see H for an example). 

We stress that all these infinitely many symmetries are 
present in addition to the world-sheet symmetries and 
must not be confused with the latter. Indeed, the action 
(|]) is of course also gauge invariant both under world- 
sheet difieomorphisms and under Weyl-transformations 
of 7^, as its string counterpart, the Polyakov action. In 
particular, one may consider the action (|l]) in a confor- 
mal gauge for these world-sheet symmetries (rather than 
in the static gauge considered above). That action has 
infinitely many conformal world-sheet symmetries on top 
of the symmetries discussed above. In particular it may 
thus serve as a starting point for quantization, along the 
lines of string quantization based on the Polyakov action 
in a conformal gauge. 
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— 5&i d»x%x b 



E 2 
~2r 2 



^ 5 AB d^x A d^x B + j^F^F^ 



R 2 

Ar 2 ' 



where /i, v are raised with rf" . 

The case of a D-string in the near horizon D1+D5 su- 
pergravity background (18) is treated analogously. The 
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